1.6.2 Maxima and Minima (One Variable)

Let f be a function defined on an interval I = [a,b]. Then f is said to have a

e Global Max. on [I: If 3 a point ¢ € I such that f(c) > f(z)Vz € I.

Global Min. on [I: If 3 a point ¢ € T such that f(c) < f(z),Vz € I.

Local Max. at ¢ € I: If 3 a nbd N(¢,d) such that f(c) > f(z),Yz € N(c,0).

Local Min. at ¢ € I: If 3 a nhd N(c, ) such that f(c) < f(z),¥z € N(c,d).

e Extremum = Either maximum or, minimum.

e Global or, Absolute Min/Max & Local or, Relative Min/Max.
Theorem 1.5. If a function f(x) has local ertremum value at c. Then if f'(c) exist,
f'le) =0.

Note that: Since f'(¢) = 0, the point ¢ is known as stationary point and f(c) is
known as stationary value of the function.

[Do It Yourself] 1.29. Does the converse of the above theorem is true? Discuss.

Theorem 1.6. Derivative Test for Extrema: If f is a real valued function defined on [a,b]

and ¢ be an interior point of [a,b]. If f'(c) = 0 then f(z) has a local marimum Local for
f"(¢) <0 and a local minimum for f"(c) > 0.

B Now we will study some concepts on local/ global extrema.

» Maxima = Left T and Right |.

» Minima = Left | and Right 1.

> f(x) = z has no global minima or maxima. It has no local extrema as well.

> f(x) =z, x € [—1,1] has global minima —1 and global maxima 1. It has same local
extrema.

» Every global extremum is a local extremum or, an endpoint extremum.
» If f(x) is continuous on [a,b] = f(x) have a global maximum and a global minimum on

la, b]. If the interval is not bounded or closed, then there is no guarantee that a continuous
function f(z) will have global extrema.




> f(x) = 22 has global minima at z = 0 and it has no global maxima.
> f(x) = x? has global minima at = = 1 and global maxima at z = 3 in the interval

x € [1,3]. This is known as endpoint extrema.

> f(z) = 2* has no global minima or maxima. It has no local extrema as well.

> f(z) = 2 —32 has no global minima or maxima. It has two local extrema —1,1. Minima
at 1 and maxima at —1. A graph of the function may help.

> f(z) = |z| has global minima at x = 0 and it can’t be found by using derivative. A
graph of the function or, increasing-decreasing concept may help.

> f(z) = 1/z has no global minima or maxima. It has no local extrema as well.
> f(x) =1/z, x € [-1,1] has global minima —1 and global maxima 1. It has same local
extrema.

> f(x) = sin(x) has infinitely global maxima at z = n /2,57 /2,--- , —-3w /2, —7n/2,--- and
infinitely global minima at z = 37 /2, 7w /2, -+ , —7w/2, =5m/2,---.
» f(z) = =+ % has no global minima or maxima. It has local extrema at —1,1.

Local maxima is less than local minima. Draw the graph.
» f(z) = 2%(z — 2)?(z — 1) has no global minima or maxima. It has local extrema at
0,2. Local maxima and local minima are same. It also has other local extrema. Draw the

graph.

» f(z) = |z — 1| + |z — 2| has global minima 1 and no global maxima exists. It has
same local minima. Draw the graph.

> f(z) = [z] has no global minima or maxima. It has local: minima = maxima = 0;
minima = maxima = 1, minima = maxima = -1, minima = maxima = 2, so on.

> f(z) = [z], * € [—1,1] has global minima —1 and global maxima 1. It has local:
minima = maxima = 0; minima = maxima = 1, minima = maxima = -1.

Theorem 1.7. Higher Order Derivative Test: If [ is a real valued function defined on
[a,b] and c be an interior point of [a,b]. If f'(c) = f"(c) = f®)(c) = - = fV(c) =0
and f™(c) #0, then f has

1. No extremum at ¢ if n = odd.

2. A local extremum at ¢ if n = even. Local mazimum for f"™(c) < 0 and local
minimum for f™(c) > 0.

Example 1.18. Ezamine the extreme values of the function x*(x + 1)°.

= Let f(z) = 2%z +1)2. So f'(z) =223 (z + 1) (3z + 2),

@ (z) = 302" + 4023 + 1222,

f@)(z) = 1202% 4 12022 + 24z,

9 (z) = 36022 + 240z 4+ 24. Now f'(z) =0=x = —1,—2/3,0.

at x = —1, f@)(z) > 0= f(z)has a local minimum at x = —1.

at # = —2/3, f®(x) < 0= f(z)has a local mazimum at v = —2/3.

at x =0, f(z) = fO3(z) =0, f(x) > 0= f(x)has a local minimum at z = 0.



[Do It Yourself] 1.30. Discuss the local mazimum or, minimum values of the following
functions

(A) f(z) = sin(z) + cos(z) # For minima and mazima.
(B) f(z) = sin(z)(1 + cos(z)),z € [0,27] & For minima and mazima.
(C) f(z)=(1/z)* & For mazima.

(D) f(z) = |z| & For extremum.

(E) f(z)=|z — 1|+ |z — 2|,z € [0,3] & For extremum.

(F) f(x) =z — [x] & For extremum at x = 0.

Example 1.19. Find the global extrema of the function f(x) = ze™™ for z € [0.5,3].
= Let f(z) =xze ™. So fl(z) =" —ze™™, f'(2) = —e T —e T +xe™"

Now f'(z) =0= :c—l

at z =1/2, f(x)

— 7
ﬂ.tﬂ:—3} f( ):_33"
_ 1
atx =1, f(z) = <.
Nowfora: € 10.5,1), f'(z) > 0 and for z € (1,3], f'(z) < 0. So f(x) has a global mazimum
at z = 1.

[Do It Yourself] 1.31. Find global extremum of f(x) = H—rrg

[Do It Yourself] 1.32. Let f(z) = 3(x — 2)%% — (2 — 2), 0 < z < 20 and xq, yo are
the points at which f(x) attains its global marima and minima respectively. Then find

f(zo) + f(vo)-
[Hint: f'(z) = W—l, 0,2) |, (2,10) 1, (10,20] |, sox =0,2,10,20 are extreme

points, Here xo =0, yo = 2]
[Do It Yourself] 1.33. Let f: R — R be defined by

_ (2 —i—sm(%)) ifx#0
f(x)_{o ifr=0

Then which of the following statement(s) is (are) true?
(A) f attains its minimum at 0. (B) f is monotone. (C) f is differentiable at 0.
(D) f(z) > 221 4+ 23, for all z > 0.
[Hint: —1 <sin(2) < 1= f(z) > 0= f(z) > f(0) = (a) is true, (b),(c) easy, f(1) >
3=sin(l) > 1= (d) is false]



[Do It Yourself] 1.34. Let f : [0,7/2] — R be defined as f(z) = ax+Fsin(z), o, B € R.
Let f have a local minimum at x = T with f() = 17_% Then find 8v/2a + 4. (Ans : 4)

[Do It Yourself] 1.35. Let f :[0,13] — R be defined by f(z) = 2> — e +52+6. Then
find the minimum value of the function f on [0,13]. (Ans : 5)

[Do It Yourself] 1.36. Let the function f : [0,00) — R be given by f(x) = z%¢™*. Then
the maximum value of [ is

(A) el. (B) 4e72. (C) 9e3. (D) 16e~2.

[Do It Yourself] 1.37. Let f : R — R be continuous on R and differentiable on (—oc,0)U
(0,00). Which of the following statements is (are) always TRUE?

(A) If f is differentiable at 0 and f'(0) = 0, then f has a local mazimum or a local
minimum at 0. (B) If f has a local minimum at 0, then f is differentiable at 0 and
f'(0)=0. (C) If f'(z) <0 for all z < 0 and f'(z) > 0 for all x > 0, then f has a global
mazimum at 0. (D) If f'(x) > 0 for all z < 0 and f'(z) < 0 for all z > 0, then f has a
global mazimum at 0.

1.6.3 Maxima and Minima (Two Variables)

» A necessary condition for f(z,y) have an extreme value at (a,b) is that f.(a,b) =
0, fy(a,b) =0.

» Converse is not true: For f(z,y) = |=|+|y| the partial derivatives f,(0,0), f,(0,0) does
not exist but f has local minimum at (0,0).

» If fo(a,b) = fyla,b) = 0 and fre(a,b)fyy(a.b) — f2,(a,b) > 0 = f(z,y) has an
extreme value at (a,b). If frp or, fyy > 0 = f(z,y) has a minimum value and if
frz o7, fyy <0 = f(z,y) has a maximum value.

» If fi.(a,b)fyyla,b) — ;E_y(m b) < 0 = f(x,y) has neither a minima nor a maxima i.e. a
saddle point at (a,b).

» If fra(a,b) fyy(a,b) — f2,(a,b) = 0 = Further investigation is necessary.

B |Stationary Point | Let S C R? and f : S — R. An interior point (a,b) of S is said to
be a stationary point of f in S if both f;, fy exists at (a,b) and f, = f, =0 at (a, b).




Example 1.20. Find the mazima and minima of the function f(z,y) = x> + y* — 3z —
12y + 20.

= Here f(z,y) =2* +y* — 32 — 12y + 20. So f, = 32> — 3 and f, = 3y* — 12.

Now fp =0= 2z =21 and f, =0 =y = 2.

So the function has 4 stationary points: (1,2),(—1,2),(1,—-2),(—1,—2).

Now faz =6z, fyy =6y, foy=0= faafyy — fﬁy = 36xy.

At (1.2), foafyy — f:%y >0 and fze > 0= f(x,y) has minima at (1,2).

At (=1,2), froofyy — f,y < 0 = f(xz,y) has neither mazima nor minima at (—1,2).

At (1,-2), frafyy — figy < 0 = f(xz,y) has neither mazrima nor minima at (1,—2).

At (—1,-2), fexfyy — fgy >0 and fzr < 0= f(x,y) has marima at (—1,—2).

Example 1.21. Show that the function f(z,y) = y* + z%y + x* has minima at (0,0).

= Here f(z,y) = y* + 2’y +z*. So fp = 2zy +42* and f, =2y + 2%

Now f, =0 and f, =0 at (0,0).

Now fre =2y +122°, fyy =2, foy =22 = fecfyy — fay =0 at (0,0).

So this is a doubtful case and requires further investigation.

flz,y) = (2% + %)2 + % It is a sum of squares of two terms i.e. f(z,y) > 0= f(z,y)
has minimum value at (0,0).

[Do It Yourself] 1.39. Consider the domain D = {(z,y) € R? : z < y} and the function
h:D — R defined by h(z,y) = (x — 2)* + (y — 1)*, (z,y) € D. Then the minimum value
of h on D equals

(A) 172 (B) 1/4 (C) 1/8 (D) 1/16.

[Hint : h(z,y) > (z -2+ (@ -1D* K(z)=4z-2°+@z-1)3]=0=2-2=
—z+1=x=23/2. Also h"(z) > 0. So h(z,y) > (3/2-2)* +(3/2 - 1)* =1/8]

[Do It Yourself] 1.40. Consider the function f(x,y) = 2°—y>—322+3y%+7, (z,y) € R?.
Then the local minimum and mazimum of f are given by

(A) 3,7 (B) 4, 11 (C) 7, 11 (D) 3, 11.

[Do It Yourself] 1.41. Let f(x,y) = % — 400xy? for all (z,y) € R2. Then f attains its
(A) local minimum at (0,0) but not at (1,1) (B) local minimum at (1,1) but not at
(0,0) (C) local minimum both at (0,0) and (1,1) (D) local minimum neither at (0,0)
nor at (1,1).

[Do It Yourself] 1.42. The function f(x,y) = 3(2? + y?) — 2(z® — y*) + 6zy for all
(x,y) € R? has
(A) A point of marima (B) A point of minima (C) A saddle point (D) No saddle point.

[Do It Yourself] 1.43. Consider the function f(x,y) = x> — 3zy?, x,y € R. Which one

of the following statements is TRUE?

(A) f(z,y) has a local minimum at (0,0). (B) f(z,y) has a local maximum at (0,0) (C) f(z,y)
has global mazimum at (0,0) (D) f(z,y) has a saddle point at (0,0).



1.6.4 Application of Basic Definition (Two Variables)

» The function f(z,y) have local maxima at (a, b) if f(z,y)— f(a,b) <0, ¥(z,y) € N(a,b).
» The function f(z,y) have local minima at (a,b) if f(z,y)— f(a,b) = 0, ¥(z,y) € N(a,b).

Example 1.22. Show that the function f(x,y) = x* 4+ y* — 222 has local minima at
(=1,0),(1,0) and has a saddle at (0,0).

= Here f(x,y) = 2 + y* — 222, So fr = 42 — 4z and f, = 4y°.

Now fr =0 and fy =0 at (—1,0),(1,0),(0,0).

Now fry =122% — 4, fyy = 12y%, fay = 0= faafyy — f2, =0 at (=1,0),(1,0),(0,0).

So this is a doubtful case and requires further investigation.

Now, f(z,y) — f(=1,0) =z 4+ y* =222 + 1= (2> = 1)2 +4* > 0, ¥(z,y) € N(a,b).
Also, f(z,y) — f(1,0) =z + ¢y — 222 + 1= (22 —1)2 4+ 4* > 0, Y(z,y) € N(a,b).
Therefore, f(x,y) has local minima at (—1,0),(1,0).

Again, f(z,y) — f(0,0) =2* +y* — 222 = (22 = 1)? + (y* = 1) <0, if y=0, |z| < V2
and f(z,y) — f(0,0) > 0, if z =0, |y| < 1. So f(z,y) — f(0,0) change sign in any
neighborhood of (0,0) i.e. (0,0) is a saddle point.

Example 1.23. For the function f(z,y) = 2z* — 32%y 4+ 3%, comments about the point
(0,0).

= Here f(z,y) = 22" — 32’y + y%. So fr = 82° — 62y and fy= — 322 + 2.

Now fr =0 and f, =0 at (0,0).

Now fry =242 — 6y, fyy =2, foy = —62 = foufyy — f7, =0 at (0,0).

So this is a doubtful case and requires further investigation.

Now, f(x,y)— f(0,0) = 2z* =322y +4% = (222 —y) (2% —y) <0, if 0 < y/2 < 2% < y and
flz,y) — f(0,0) >0, if y <0, or,z® >y >0, or,222 < y. So f(z,y) — £(0,0) change
sign in any neighborhood of (0,0) i.e. (0,0) is a saddle point.

[Do It Yourself] 1.45. If f(z,y) = % + 22%y + 22*, comments about (0,0).

[Do It Yourself] 1.46. Find all the critical points of the function f(x,y) = z>+13° + 3zy
and examine those points for local maxima and local minima.

[Do It Yourself] 1.47. Let f : R? = R be defined by f(z,y) = 2 + zy + y*> — z — 100.
Find the points of local maximum and local minimum, if any, of f.
[Ans: (2/3,—1/3) Point of minimal



1.6.5 Extrema with Three Variables

We will check for the extreme values of f(z,y,z). This method is similar to the previous
one

e Step 1: Find (a,b,¢) such that f, = f, = f. = 0.

fax f:ry faz
e Step 2: J = fuz  fuy  fyz
frz fzy fzz
f f fra f:ry fzz
Define A = fre, B = f:Z f:z ,C= ﬁym jzyy ;yz
zr 2y 2z

e | A>0.B>0,C >0= Minimum| |A<0,B >0,C <0= Mazimum|,

B < 0= Saddle| Otherwise, we will have to use the definition.

[Do It Yourself] 1.49. Ezamine the eristence for extrema of f(x,y,z) = z® +y> + 322 —
xy +2zx 4+ yz. [Ans: Min at (0,0,0)]

1.6.6 Lagrange’s Method of Multiplier

» dL = Lydz + Lydy.
Lag(dz)? + 2Lay(dz)(dy) + Lyy(dy)®.

Example 1.24. Using Lagrange’s method of multiplier find the extreme values of f(x,y) =
Tx? + 8zy + y? where 2 + y? = 1.
= The Lagrangian function is L(x,y) = Tz? + Sxy + y*> + M(a? + y?> — 1). Here X is
Lagrangian multiplier.
Now for stationary points Ly =0 = 2(7T+ A)z+8y =0 and Ly =0= 8z +2(1+ \)y = 0.
Again 2?2 +y? =1 = z = y = 0 is not possible.
2(7T+N) 8

8 2(14+ )
For \=1, 2z +y=0= y=—2x. Therefore, z°> + y*> = 1=>x=:|:% andyziF%.

So for nontrivial solution =0=A=1,-9.

So (:I:%, :F%) are stationary points.

Now dL = Lydx + Lydy

PL = Lya(dr)? + 2Ly (d2)(dy) + Ly (dy)? = 16[(d2)? + (d)(dy) + (dy)?)
Also 2?2+ =1l= zde+ydy=0=dy = —%da} = d’L = 16[1 — % + %;-](dm)g



Since d°L > 0 at (:I:ﬁ, ZF%) = f(z,y) has minimum value and fmin = —V/5.

For A= —9, 8¢ — 16y = 0 = x = 2y. Therefore, z° + y*> = 1=)>3;=:t% andyz:l:%.
So (:I:vz-,:lzvlg) are stationary points.

Now dL = L,dx + L,dy

d*L = Ly, (dz)? 4 2L 4y (dz)(dy) + Ly, (dy)? = 16[(dz)* + (dz)(dy) + (dy)?]

Also 22+ =1= zde +ydy =0 = dy = —%dm = d’L = —4[1 + 4?‘” — i:;](dw)z

Since d*L < 0 at (j:72-, iVIE) = f(=,y) has marimum value and fpae = 9.

Example 1.25. Show that w > Yxyz for z,y,z > 0.

= Let f(x,y,z) = zyz and x +y + z = s. The Lagrangian function is L(z,y,z) =
zyz + Az +vy + 2z —s). Here A is Lagrangian multiplier.

Now for stationary points Ly =0 = yz+ A =0, Ly =0= 224+ A=0and L, =0 =
zy+A=0. Sox=y=2z=s/3

So the stationary point is (s/3,s/3,s/3).

Now dL = Lydx + Lydy + L,dz

d’L = Lyy(dz)? + Lyy(dy)? 4 L,.(dz)* + 2Lyy(dx)(dy) + 2Ly (dz)(dz) + 2Ly (dy)(dz) =
Z[(de)(dy) + (dz)(dz) + (dy)(d2)]

Also z4+y+z = s = dr+dy+dz = 0 = (dz)(dy)+(dz)(dz)+(dy)(dz) = — (dm)2+(dgj2+(dz)2 dr =
d*L = —3[(dx)* + (dy)* + (d2)?]

Since d*L < 0 at (s/3,5/3,5/3) = f(x,y,z) has mazimum value and fra. = (s/3)3.

So, xyz < (s/3)* = Lg—kz > Jryz.

o It Yourse .02, ow that f(x,y,z) = =y z" subject to x +y + z = a has
Do It Y If] 1.52. Sh hat f My 2P subject t h
g tntPmmpg e

mazimum value T p) D and stationary point (=22 an @D,

MAnTp MInTp’ MEnTp

[Do It Yourself] 1.53. Use Lagrange’s Multiplier method, find the shortest distance
between (—1,4) and the straight line 12x — 5y + 71 = 0.
[Hint: L= (z+1)>+ (y—4)> + \12z — 5y + 71), SD = 3]

[Do It Yourself] 1.54. Find the minimum distance from the point (1,2,0) to the cone
22 = g2 4+ 42
= ye.
Hint : Try to remove z? term]



